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Abstract

This study develops a compartmental mathematical model to describe
the transmission of Lassa fever among human and rodent populations.
The model incorporates the Direct Observation therapy strategy as
control measure. We derive the basic reproduction number Ryusing the
next generation matrix and analyze the stability of disease-free and
endemic equilibria. The results provide theoretical thresholds crucial for
understanding disease persistence and eradication dynamics.
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Introduction

Lassa fever (LF) is a zoonotic disease spread by infected rodents known as multimammate rats (Ojo et
al, 2021; Adewale et al, 2009). Lassa fever is an acute viral haemorrhagic illness caused by the Lassa
virus, belonging to the category of viral haemorrhagic fever. Notably, individuals infected by the virus
may not display immediate symptoms, with manifestations typically emerging after an incubation
period of up to 21 days (Andrew et a/, 2013; Sambo & Madubueze, 2020)

Symptom onset is characterized by fever, general weakness, headache, vomiting, and muscle pain.
Severe cases frequently progress to mucosal and gastrointestinal hemorrhaging. (Andrew ef al., 2013;
Akindokun et al., 2024; Musa et al, 2020). The case fatality rate (CFR) following infection is
approximately 1%, with mortality typically occurring within 14 days of symptom onset. For those
who survive, some may endure hearing loss, though this impairment may gradually improve within
three months (Andrew et al., 2013; Akindokun et al., 2024; Olupitan et al, 2024).

Understanding the intricacies of LF transmission and its varied clinical presentation is vital for
devising effective control and prevention strategies. The role of multimammate rats as vectors
underscores the importance of addressing not only the human population but also implementing
measures to curb the rodent population, thereby mitigating the risk of transmission and enhancing
overall public health (Mayowa et al., 2021; Adesola et al, 2024).

The primary transmission pathway involves human contact with the urine or faeces of infected
multimammate mice. This zoonotic transfer marks the initial link in the chain of human infection. As
the disease progresses, direct human-to-human contact becomes another avenue for its spread, adding
a layer of complexity to containment efforts. The diagnosis of this ailment based solely on symptoms
is a formidable challenge due to the diverse and often non-specific nature of its clinical presentation.
Consequently, the confirmation of infection relies on sophisticated laboratory testing

methods, including the identification of the virus's ribonucleic acid (RNA), the presence of antibodies
specific to the virus, or the isolation of the virus itself through cell culture techniques. It's worth
noting that the symptoms of this disease share similarities with other prevalent illnesses including
Ebola virus disease, malaria, typhoid, and yellow fever, further underscoring the importance of
accurate and timely diagnostic procedures (Al-Mustapha et al, 2024; Okolo et al, 2020).
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Model Foemulation

Motivated by the work of Ojo ef a/ (2021), we hope to formulate our model to incorporate DOTS.
This would be done by introducing the treatment parameter (T, ) to the model proposed by Ojo et al
(2021) and the incorporation of direct observation therapy strategy (DOTS).

We present below a seven compartmental deterministic systems of nonlinear ordinary differential
equations, to study the transmission dynamics of Lassa fever in Nigeria:

The model comprises of two interacting population of human and rodent at time t denoted by Ny, (t)
and N,.(t) respectively. The human population is further divided into five compartments at any time t;
Susceptible S, (t), Exposed Ej, (t), infectious I, (t), Treated T}, (t) and Recovered Ry, (t) human
compartments. On the other hand, the rat population is divided into two compartments at any time t;
Susceptible S,.(t) and Infectious I,-(t) rat compartments. Hence we have that:

N (8) = S (6) + I ()

The compartmental model which shows the mode of transmission of lassa fever between the
two interacting populations is shown in the figure below:

UnSh Ey Unln lup + (1—€)81T, UnRp
B3
JOGS
%
Urly UrSy

Figure 1: Compartmental model which shows the mode of transmission of lassa fever

Where;
1. = B1Ip+(1-10)B2Tr+P3ly
1=
Np

I
/’{2 — ﬁll— r
Ny
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The state variable and parameters used for the transmission model are described below state variable
and parameters used for the transmission model are described in the following tables:

Table 1: Description of State Variables of Our Model_

Parameters Discriptions

Sn(®) Number of humans susceptible to lassa fever at time t

En (1) Number of humans exposed to lassa infection at time

T t

1, (0) Number of infectious humans with lassa fever
infection at time t

Th(t) Number of treated humans at time t

Ry (1) Number of recovered humans at time t

S(b) Number of rats susceptible to lassa fever at time t

L.(t) Number of recovered humans at time t

Ny (D) Total number of human populations at a time

N,.(t) Total number of rat populations at a time

Table 2: Description of Our Model Parameters

Parameters Discriptions
Ay, Recruitment rate of susceptible humans
A, Recruitment rate of susceptible rats
Un Per capita natural mortality rate of humans
Uy Per capita natural mortality rate of rats
1) Per capita disease — induced mortality rate of humans
B Probability that a contact with an infectious human result in

transmission of disease to the susceptible human

B Probability that a contact with a treated human result in

transmission of disease to the susceptible human

Bs Probability that a contact with the contaminated
environment results in transmission of disease to the

susceptible human

B Rodent to rodent transmission

€ DOTS efficacy
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Reduction in infectiousness

Per capita spontaneous recovery rate due to natural

©

immunity

Per capita rate of recovery due to DOTS

Per capita loss of immunity by recovered humans

Per capita latent period in humans

| R| | &

Fraction of infected humans who seek treatment under
DOTS

T Per capita progression rate from the infectious human to the

treatment compartment

From the model compartmental model in figure 1, we obtain a seven — dimensional system of ordinary
differential equations which describe the progress of the disease as:

ds,
T Ap + YRy — (An + pn)Sh
dE

d_th = ASp — (a + up)Ey
di,
—— = aE, — [0t + (1= 80)p + uplly
dt
dT,
d—t’l = 0tl, — [ed + (1 — $)S + pnl Ty €]
dR
d_th = (1-0)pl, +€pTy, — (Y + up)Ry
ds,
I = Ar - (AZ + MT)ST
di,
E = AZS‘r — Ul

with the initial conditions:
Sp(0) = 0,E,(0) =0, I,(0)=0, T,(0)=0 Rn(0) =0
5r(0) =0,1.,(0) =0

Analysis of The Model

Invariant Region

Lemmal: The model system (1) has solutions which are contained in the feasible region
D = Dy, X D,., where;

S En, I, Tn,Rp) €R3:S, > 0,E, = 0,1, >0

" T2 0,R, 20N, <
h
@
Dy = [(Sr'lr) €R{:S, > 0,I, > O,N, < %
3
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Proof:
Let D = [Sy, Ey, Iy, Th, Ry, Sy1-] € R7 be any solution set of the model (3.14) with non-
negative initial conditions. From the differential equations (3.14), we have

dN

d—th =Ap— UpNp — (1—€)6Ty,

4)

In the absence of the disease (6§ = 0)

dn
d—th SAp— UnNp
&)
Solving equation (3.16), yieds

Np < 22+ (Np (0) = SEyetnt
Hh HUn
(6)
Hence at t — oo, equation (3.17) simplifies to
0<N, <2

Hn

Thus all the feasible solution of the human population are in the region:
Dy, = [(Sh: Ep, In, Th, Rp) € R3: Ny (t) < 2—:]
Similarly;
2 Ar
D, = [(Sr' I) ERE:N.(D) < P

Therefore the feasible region for the model system (3.14) is given by;

(ShEno Iny Tho Ri, Sy, 1) € RY:
[$.>0,E,>0,1,20T,>0,R, 20,5, >0

Ap, Ay
l L.>0,N, <—, N, <— J
Hn Hr

Dy,

Hence the feasible region is biologically meaningful and mathematically well-posed in D.

Positivity of Solutions

It is imperative to prove that all solutions of the system (1) with positive initial data will
remain positive for all time ¢ > 0. This will be verified by the lemma below:

Lemma 2 1f [S,(0), E,(0),1;,(0), T, (0), R, (0),S,(0),I,-(0)]eD, then the solution set

Sp(®), Ex(6), In(t), T (), Ry (t), Sy (t), I.(t) of the model solution (1) is positive for all
t>0.

Proof;
From the first equation of (3.14), we have;

dSp __ _ (Bilnt(-1m)B2Th+B3Lr
—; Mt tnRp ( N, )Sh

Since Ay + up Ry = 0, then;
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aSh o, _ (511h+(1—77)52Th+ﬁ31r+Hh)
dat — Np

(6)

Solving equation (6) at t = 0 gives

Sp(t) = Sp(0)e~U @dt+unt) > 0 since ype® > 0 Vx € R
Where @ = ﬂ11h+(1_7;lv)ﬁzTh+B3Ir
Using the approach, from the second equation of (1) we have,

aEp _ (/311h+(1—7l)/32Th+/331r) Sy — (@ + up)Ep

dt Np
Since (511h+(1—717\1)527'h+531r) S, >0
h
dE
a2 —(a+ pp)Ep (7)

Solving equation (3.19) at t=0
En(t) = Ep(0)e~(@+knt > 0

Similarly, from the third equation of (1), we have,

% =aE, — (67+ (1 =0)p + up)ly.

This implies

dl

—r2—(0t+ (1—0)p +un)ly (8)

Solving equation (3.21) when t=o0 gives
Ih(t) = Ih(O)e_(HT"'(l_Q)P"'Mh)t > 0.

Hence it can be shown from the above procedure that the remaining equations of the system
(3.14) are positive Vt > 0.

Existence of Disease-Free Equilibrium (DFE) points
The disease-free equilibrium points are steady state solutions of the system (1) when the
right-hand side is equal to zero. That is:

I, +- Ty + B3l
Ah+1pRh—<ﬁ1h ( 1)B2Th ﬁ3r+#h>5h=0
Ny,
I+ (1 - Ty + B3l
(ﬁlh ( ;)BZh ﬁ3r>5h_(a+#h)Eh=O
h
ahEh - (BT + (1 - 9)p +,u'h)1h =0
Otl, — (@ + (1 —€)6 +up)Th =0 ©)
(1 —-8)ply +€BTy, — (Y + pp)R, =0
Bul,S
Ar_ 4-Nrr‘r_ rSrz
Bul,.S
41\]’;r— 41 =0
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Therefore, the corresponding disease-free equilibrium point is given as:
Eo = (Si B Tiv Tio Riy S7,13) = (22, 0, 0, 0,0,55,0)

Hh

Basic Reproduction Number R

The basic reproduction number, denoted by R, is a fundamental threshold parameter utilized to analyze
the qualitative behavior of epidemiological models. Pioneered by Diekmann et al. (1990), R, is defined as
the expected number of secondary infections generated by a single typical infectious individual
introduced into a completely susceptible population. Structurally, it serves as a critical threshold that
dictates whether a pathogen will persist or vanish from a given population (Musa et al, 2019). In this
study, we employ the next-generation matrix operator framework formalized by van den Driessche and
Watmough in 2002 (see also Diekmann and Heesterbeek, 2000) to analytically derive R, by isolating the
disease-transmitting (infected) compartments of system (1). That is:

En = A1Sp — (a + pp)Ep

In = aEp — [07+ (1 — O)p + pplln (10)
Ty =01l — [edp + (1 —0)6 + uplTy

L = A28y — wo Iy

Letx = {E;*, I, Ty*, I:*}7, therefore the model (3.21) can be written as;
x = F(x) — V(x), where F and V are defined as:

(5—’; Buln + (1 - n)ﬁzlh\ (e + ) En \
| 0 | | [0+ (1 —0)p + uplly, — anEy |
F= | and V=
\ 0 ) [ep + (1 — 6)0 + p, 1T, — 011,
Sr
N_r.Ba,Ir urly

The Jacobian matrix of F and V at the disease — free equilibrium point, E, gives:

[0 0 0 B

0 0 0 0
F =
0 0 0 0
S
B1Sn 0o 0 0
Hr
and
/a + up 0 0 0\
| —a 60t(1—0)p + up) 0 0 |
V =
0 -6t ep+(1—-6)5+ 0
0 0 0 Uy
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The inverse of the Jacobian matrix V denoted by V=1 gives:

1
/ p—. 0 0 0 \
| a 1 0 0 |
I (a+up)0t+ (1 —60)p + upl 0t + (1—0)p + I
| alt ot 1 0 |
| (@+p)0t+ A —=60)p+ppllep + (1 =608 +pp]l [T+ (1 —0)p+ pplledp + (1 — )6 +up]l (€60 + (1 — $)Sup + pn) |
\ 0 0 0 ul/

Therefore, the product of the Jacobian matrix F and the inverse of V denoted by FV ™1 yields;

R

lo o o0 o0

|
Fy-1=| I
| 0 0 0 0 |
\c d 0 0/
where:
a = M _ lera _ AZAT

Hntty’ €= pr(a+up)[01(1-0)p+up)’ d = ur[07+(1-0)p+pup]

So that the spectral radius (dominant eigenvalues) of the matrix FV 1 is calculated from the characteristic
equation; |FV~1 — AI| = 0 where I is a 4 X 4 identity matrix: That is:

—A 0 0 a
0 -1 0 0
=0 (11)
0 0 -1 0
c d 0 -1
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Solving for A;,i = 1, 2, 3, 4, in equation (3.23) and substituting for a, c, d,. we have;
0

0
R ~ A A
b pnpz(a + pp) (0t + (1= 0)p + pp)

Alﬂz/\h/\ra
pp i (@ + pp) (0T + (1= 0)p + )

But Ry = p(FV™Y),

Hence,
0 urkE () (OT+(1-60) p+up)
(3.24)

3.2.5 Local Stability Analysis of the Disease — free Equilibrium Point

Theorem 3.3.1: The disease — free equilibrium point for system (3.14) is locally asymptotically
stable if Ry < 1

Proof: The Jacobian matrix of the system (1) evaluated at the disease — free equilibrium point E,
denoted by J,[E,] is given as:

—Hn 0 —p1 —(1—mp; Y 0 —P3
/ 0 —(an+un) B A -mp; 0 0 B3 \
| 0 a 01+ (1 -0)p+up) 0 0 0 0o |
| o 0 ot (e + (A=) + ) 0 o o0 |
k 0 0 (1-06)p €p ~W+u) 0 0 )
0 0 0 0 0 R
0 0 0 0 0 0 B—u

We need to show that all the eigenvalues of J,[E,] have negative real parts. The sixth column
contains only the diagonal term, —pu,., which form the first eigenvalue. Therefore, J; [Ey] yields;

—HUn 0 —B1 —(1—=n)pB, Y —Bs
/ 0 —(an+up) B 1 =mp; 0 Bs \
[ o a —(Ot+ (1-0)p + up) 0 0 0 |
\ 0 0 ot —(ep + (1 — ) + pp) 0 0 )
0 0 (1-06)p €p —( + ) 0
0 0 0 0 0 Bs — Uy

Similarly, the first column of J; [E,] contains only the diagonal term, —u,;,, which forms a negative
eigenvalue. Hence;
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J2Eo]
—(an + pn) B1 1 —mp: 0 B3
a —Ot+A-0)p +uy) 0 0
= 0 ot —(ep+ (A —9¢)+ upn) 0 0
0 (1-6)p —@ + un) 0
0 0 0 Bi—i

In the same way, the fourth column of J,[E] contains only the diagonal term, — (i + ), which

represents a negative eigenvalue. Therefore

—(an + pn) B
0 0

A =np; B3

0 0

—(ep+ (1 — ) +up) 0

0 B4 — Ur

We need to show that all the eigenvalues of J,[E,] have negative real parts. The sixth column contains
only the diagonal term, —pu;,, which form the first eigenvalue. Therefore, J; [E,] yields;

[ - 0 0 0 &, 0 ]

0 ~(5,+4,) 0 0 0 0

ie 0 o, — (7, + 1, +6,) 0 0 0
b 0 0 5, -(+a) 0 0
0 0 0 T, —(u, +&,) 0

0 0 0 0 0 —

Similarly, the first column of J; [E,] contains only the diagonal term, —pu;,, which forms a negative
eigenvalue. Hence;

~(6,+¢,) 0 0 0 0

5= o, —(t,+u,+6,) 0 0 0
2 0 5, -(+a,) 0 0
0 0 Th —(uy + ) 0

0 0 0 0 Sy

In the same way, the fourth column of J, contains only the diagonal elements — (,Uh +é h) , which
represents a negative eigenvalue. Therefore
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-(6,+4,) 0 0 0
Jy = Oh (7, + 1y + ) 0 0
0 5, -(+a,) 0

| 0 0 0 — 4,

Similarly, the second column of J; contains only the diagonal element — (Th + U, + 5h) , Which
represents a negative eigenvalue. Therefore

3 - - (G +4) 0 0
e 0 ~(+a,) 0
0 0 — 4

The remaining eigenvalues are obtained from the sub — matrix J,. Obviously, the eigenvalues of the
matrix J4[E,] are the roots of the characteristic equation:

|]4—M|:0
That is;
(6, +4,) 0 0 A0 0
“0 Lea) . 10 4 0/|=0
-1+
% 0 0
0 0 _:ur

Let D, = (8, + ®5), D, = —(1+@,) and Ds= p,,

A 0 0
D, 0 0
-0 4 01]|=0
0 D, 0
0 0 A
0 0 s
Implies
D, -4 0
0 D,-4 =0
0 0 D,-4
IIMSRT26JUL108
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(D, - A)[(D, - A)(D, = 2)-0]=0

(D, - A)[D,D, - AD, - AD, + 2*]=0

(D, — A)(A2 = AD, — AD, + A2) =0

D,A? - AD,D, — AD,D, + D,D,D, — 2* + 2D, + 22D, — AD,D, =0
- A(D,D, + D,D, + D,D,)+ A*(D, + D, + D,) -2 =0

-2 +2(D,+D,+D,)-A(D,D, +D,D, +D,D,)=0

LetA; = —1

A, = (Dy 4+ D, + D3)

A; = —(D;D, + D;D3+D,D5)
A3 + A2+ AA=0

To prove that all roots of equation (3.14) have negative real parts, we employ the Routh — Hourwitz
criterion. The Routh-Hurwitz criteriom according Ojo et al (2021) for a real algebraic equation as
show below

Apx" + a1 x" T+ +ax+a;=0

states that, given a,, > 0, all roots of (3.25) have negative real part if and only if

Hy = a,
Hy = an_4

ap-1 an
Hy = | |

ap-3 ap-2

an_1 Qo 0
H3 = |Ap-3 GAp—2 dnp—q
Ap-5 Qp—4 Ap-3
Ap_q 0
Hy,=| : :
0 v Qg

are all positive, with a; = 0 for j < 1. This is true if and only if either all even-numbered H; or all
odd-numbered H; are positive (liénard—chipart criterion).

Hence, using the Routh — Hurwitz criterion, we show that all the roots of polynomial (3.25) have
negative real parts if and only if the coefficients 4;, i =0,1,2,3 4 are positive and matrices
H; >0, fori =0,1,2,3,4,5.

In terms of R, further simplification of A; yields;

Ay = —(D; D, + D1 D3+D,D3)[1 — R]
The expression for Rj in terms of A;,5 can be written as;
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2 _ (D1D;+D1D3+D,D3)
0

"~ (D1D3+D1D3+D,D3)
R3=0
R3<0

From the foregoing, we have been able to show that all the eigenvalues of the Jacobian matrix are all

negative real parts. We also show that Rh, Rr € RO <.
It must be noted that — (4, — 3,) can also be re-written as

— My (1_%) =—u (1-R,)

r

where R, =&.and R R0<1
Hy

Also, =ty = By) = —ﬂh(l—&) =, (1-Ry),

Hn

where R;, =& and Ry < Ry<1
Hn
Thus, all the eigenvalues of the Jacobian matrix in (3.25) are all negative real parts, that is

(R R ) € Ry< 1. This shows that the lassa fever free equilibrium is locally asymptotically stable.
ho Dy 0 q y asymp y
From an epidemiological perspective going from the analysis above, it implies that the spread of

lassa fever can be effectively controlled in the population when RO <1, However, if Ry > 1 and by

Descartes’ rule of signs (Musa, 2019), we observe that there is a positive eigenvalue which indicates
that the disease — free equilibrium point will be unstable.

Conclusion

In this study, we developed, analysed a deterministic model to describe the transmission
dynamics of Lassa fever in Nigeria. Transmission of Lassa fever requires interaction between
two-interacting hosts (namely human and rodent population), thus we sub-divided the human
population into susceptible, exposed, infectious, treated and recovered humans, while the rodent
population was subdivided into a susceptible and infectious rodents. The local and global
stability of the model was investigated using the reproduction number which was obtained by
using the Jacobian matrix. The result shows that the Lassa fever-free equilibrium R, is locally
and globally asymptotically stable if Ry < 1 and unstable otherwise.

From an epidemiological perspective going from the analysis above, it implies that the spread of

Lassa fever can be effectively controlled in the population when Ry < 1.
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