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Abstract
Nonlinear partial differential equations
(PDEs) arise naturally in mathematical
models of physics, engineering, and
finance. Still, their numerical solution
remains a challenge due to nonlinearity,
high dimensionality, and complex boundary
constraints. This paper introduces a novel
framework  that integrates artificial
intelligence (Al), specifically deep neural
networks (DNNs), with the mathematical
rigour of operator splitting techniques based
on the Split System of Common Null Point
Equality Problems (SSCNPEP). The
proposed Al-SSCNPEP approach
synergistically combines neural network
approximations with inertial fixed-point
iterations to enforce both the PDE structure
and essential physical constraints. The
framework is demonstrated on two
important nonlinear PDEs: The Nonlinear
Schrodinger Equation (NLS) and the
Fokker—Planck  Equation (FP), which
appear respectively in gquantum mechanics
and stochastic modelling. Numerical
experiments show improved convergence
and robustness over traditional methods,
confirming the potential of this hybrid Al-
operator paradigm for solving challenging
PDEs with theoretical guarantees.
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1.0.Introduction

Nonlinear partial differential equations
(PDEs) are fundamental mathematical tools
for modelling complex physical, financial,
and engineering systems. Historically, they
arose in the study of fluid mechanics and
wave propagation. such as the Euler
equations for inviscid flow (Euler, 1757), or
the Korteweg—de Vries equation for shallow
water waves (Korteweg and de Vries, 1895)
and have since become central to the
description of nonlinear interactions in
modern mathematical physics (Baker and
Freire, 1997).

Contemporary  examples include the
nonlinear Schrodinger equation (NLS),
which governs wave function dynamics in
guantum systems, and the Fokker—Planck
equation (FP), which models the evolution
of probability densities in stochastic
processes. These PDEs often involve
nonlinearities, nonlocal terms, and intricate
constraints, making their accurate and
efficient numerical approximation a
persistent challenge.
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Traditional numerical schemes, including
finite difference methods (FDMs), finite
element methods (FEMs), and spectral
methods, form the backbone of classical
PDE solvers. However, they often struggle
with  mesh generation on complex
geometries, suffer from stability issues in
nonlinear regimes, or exhibit scaling
limitations in high-dimensional domains
(Canuto et al., 2006; LeVeque, 2007,
Zienkiewicz et al., 2005). In stochastic
PDEs such as FP, Monte Carlo methods are
often employed for probabilistic
interpretation, yet these techniques
converge slowly and exhibit high variance
(Kloeden and Platen, 1992).

Recent advances in machine learning have
shown promise in overcoming some of
these  challenges. Notably, Physics-
Informed Neural Networks (PINNSs)
introduced by Raissi et al. (Raissi et al.,
2019) wuse deep neural networks to
approximate PDE solutions by directly
embedding the differential operator and
boundary conditions into the loss function.
This offers mesh-free approximation with
potential for scalability and applications
across a range of inverse and forward PDE
problems. Nevertheless, standard PINNs
can struggle with convergence for stiff or
highly nonlinear PDEs and often lack
formal guarantees for enforcing hard
physical constraints (Cuomo et al., 2022).
At the heart of such methods lies the neural
network, a parametric model composed of
layers of interconnected computational units
(neurons) designed to approximate complex
functions. Mathematically, a standard
feedforward neural network defines a
composition of affine transformations and
nonlinear activations, yielding an expressive
mapping Ny : R — R, where 6 denotes
the trainable weights and biases (Hornik et
al., 1989; Raissi et al., 2019). The so-called
universal approximation theorem ensures
that sufficiently deep or wide neural
networks can approximate any continuous
function on compact domains (Cybenko,
1989). In the context of PDEs, this allows
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the solution map to be encoded by the
neural network and learned through
optimisation of a physics-informed loss
function.

This paper addresses these limitations by
proposing a hybrid Al-analytical framework
known as AI-SSCNPEP: Artificial
Intelligence-based  Split  System  of
Common Null Point Equality Problems.
This approach combines the universal
approximation capability of neural networks
with the convergence theory of fixed-point
algorithms, specifically SSCNPEP, which
unifies monotone inclusions and fixedpoint
constraints under a single variational
framework (Ogbuisi et al., 2021; Shehu and
lyiola, 2020). The neural network is used to
approximate the solution of the PDE, while
the SSCNPEP structure ensures constraint
satisfaction and mathematical convergence.
Our contributions are threefold:

We develop a mathematically rigorous
formulation of nonlinear PDEs as
SSCNPEPs, enabling  constraint-aware
neural approximation;

We propose a novel inertial iterative
scheme (AI-SSCNPEP) that integrates
resolvent-based operator splitting with
neural network approximations;

We demonstrate the effectiveness of this
method on the Schrodinger and Fokker—
Planck equations, highlighting superior
convergence and robustness over standard
PINNS.

The remainder of the paper is structured as
follows:  Section 2 introduces the
mathematical preliminaries and PDE
formulations. Section 3 develops the
SSCNPEP framework and reviews the
Alternated Dual Variable Inertial (ADVI)
algorithm. Section 4 presents the proposed
AI-SSCNPEP algorithm, along with
theoretical convergence guarantees. Section
5 provides numerical experiments, and
Section 6 concludes with potential future
directions.
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2.0.Literature Review

The numerical solution of nonlinear partial
differential equations (PDEs) is a
cornerstone of computational mathematics,
with a rich history of methods tailored to
various classes of equations. Classical
numerical methods such as finite difference
methods (FDMs), finite element methods
(FEMs), and spectral methods provide the
foundational tools for discretising and
solving PDEs across time and space
domains.

Finite difference methods (FDMs)
approximate derivatives using local stencils,
offering simplicity and efficiency on regular
grids. However, they often suffer from
reduced accuracy in the presence of
geometric  irregularities  or  strong
nonlinearities, and stability issues may arise
for stiff PDEs (LeVeque, 2007). Finite
element methods (FEMs) allow greater
geometric flexibility through variational
formulations and mesh-based discretisation
(Zienkiewicz et al, 2005), but
implementation is  more  complex,
particularly for nonlinear or time-dependent
problems. Spectral methods, which use
global basis functions such as Chebyshev or
Fourier polynomials, provide exponential
convergence for smooth solutions (Canuto
et al., 2006), but they are computationally
intensive and sensitive to discontinuities
(e.g., via the Gibbs phenomenon).

In the context of stochastic PDEs, such as
the Fokker—Planck equation, Monte Carlo
(MC) methods are widely adopted. They are
capable of operating in high-dimensional
spaces and benefit from probabilistic
interpretations, yet they suffer from slow
convergence rates of O(N~%/2) and often
exhibit high variance (Kloeden and Platen,
1992).

In recent years, the growing capabilities of
deep learning have introduced a paradigm
shift in scientific computing. Notably,
Physics-Informed  Neural  Networks
(PINNS) (Raissi et al., 2019) offer a mesh-
free method for solving PDEs by
incorporating the physical laws into the
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training loss function of neural networks.
Instead of relying on traditional
discretisation, the network learns to
minimise the residuals of the differential
equation and its boundary/initial conditions.
This allows generalisation over irregular
domains and data-driven PDE solving, with
successes reported across forward and
inverse problems in physics and engineering
(Cuomo et al., 2022). However, PINNs are
not without limitations: convergence is
often unstable for stiff or chaotic systems,
and satisfying hard physical constraints
(e.g., conservation laws or exact boundary
conditions) is nontrivial, especially in long-
time simulations or multi-physics regimes.
Parallel to these advances, substantial
progress has occurred in the area of
monotone operator theory and iterative
splitting  algorithms,  especially  for
problems involving equilibrium conditions,
variational inequalities, and fixed-point
inclusions. Landmark methods such as the
extragradient  algorithm  (Korpelevich,
1976), proximal point iterations, and inertial
forward—backward splitting (Alvarez, 2002)
have provided rigorous frameworks for
convergence in non-smooth or constrained
settings.

More recently, the Split System of
Common Null Point Equality Problems
(SSCNPEP)  framework  has  been
introduced to handle complex multi-
operator constraints (Ogbuisi et al., 2021;
Shehu and lyiola, 2020). SSCNPEP
generalises the classical  fixed-point
problem by seeking a  solution
simultaneously satisfying a collection of
null-point and fixed-point constraints,
making it particularly well-suited for
enforcing multiple structural properties
(e.g., PDE residuals, boundary constraints,
conservation laws) within a unified
mathematical structure.

Despite the progress in both neural
approximators and operator theory, these
two communities have largely evolved in
parallel. Our work aims to bridge this gap
by integrating deep learning with operator
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splitting, specifically ~ through  the
development of a novel hybrid algorithm
termed AI-SSCNPEP. While standard
PINNSs optimise neural network parameters
through backpropagation on the PDE
residual, our proposed method introduces
operator-theoretic regularisation into the
iterative training process. By embedding
SSCNPEP steps within the neural learning
loop, we enforce constraint satisfaction and
theoretical convergence simultaneously—
thereby improving upon both classical
solvers and PINNs in terms of accuracy,
robustness, and theoretical grounding.

This synthesis of fixed-point methods with
neural architectures opens a promising
avenue for structure-preserving Al solutions
to nonlinear PDEs. In particular, we
demonstrate the capability of our approach
to handle the Schrddinger and Fokker—
Planck equations, two highly structured
PDEs with domain specific constraints,
using an architecture grounded in real
Hilbert spaces and monotone operator
theory.

3.0.Mathematical Preliminaries

Let H be a real Hilbert space with inner

product (-,-) and norm ||-||. We recall the

following definitions:

. Monotone Operator: An operator
A:H— H is monotone if
(A(x) —A(y),x—y)=0Vx,y €H.

If Ais also maximal (i.e., its graph is not
contained in any other monotone
operator), it is maximally monotone.

. Nonexpansive Map: A mapping T :
H — H is nonexpansive if
ITC) —TOI < llx—yllVx,y € H.

. Resolvent: For a maximally monotone
operator A, the resolvent [y, :=
(I + 24)7tis firmly nonexpansive (i.e.,
124() = JraOI? < €x =y, Jaa(x) =

Jaa)))-
. Lipschitz Continuity: An operator

B:H — H is Lipschitz continuous with
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Throughout this work, we assume:

1. A; are maximally monotone, B; are

Lipschitz continuous

2. ® is nonexpansive (for fixed-point

constraints)
3.The neural network Vg approximates &
with error g, — 0.

3.1 Nonlinear Schrodinger Equation
(NLS)

The Nonlinear Schrédinger Equation arises
in various physical systems, such as
quantum mechanics (e.g., Bose-Einstein
condensates), nonlinear optics (e.g., Kerr
media), and hydrodynamics. In one
dimension and nondimensional units, the
cubic NLS takes the form:

oY 0%y

la + W + V(X)ll) + Kllplzlp
=0, €Y)
where:

e (x,t) € Cis the complex wavefunction;
e V(x) is a real-valued external potential,
¢ k¥ € R controls the nonlinearity,
62

* ot oxz

space.
Initial  conditions ¥ (x,0) = Yy(x) and
boundary conditions (e.g., vanishing or
periodic) are imposed.

are partial derivatives in time and

3.1.1Conservation Laws
and Numerical Challenges

NLS possesses several key invariants,
including:
e Mass(Norm):

N(t) = fll/}(x, t)|?dx = const
e Energy:

w0 (2

2
—VlyYI?

K
- E |ll)|4> dx.

constant L>0 if Standard numerical methods often fail to
I|B(x) = Bl < Ll|lx =yl vx,y conserve these quantities over long-time
€ H.
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evolution, leading to inaccuracies and x*

numerical blow-ups. N
€ ﬂNull(Ai), x*

i=1

M

e[\ Fix(T). 3)

3.2.Fokker—Planck Equation (FP)
The Fokker—Planck Equation governs the time
evolution of probability densities associated

with  stochastic processes. For a one- j=1

dimensional system, the general FP form is:
dp(x,t)
3
= [A(x, )p(x, )]

T ox
2

5}

where:

o p(x,t) is the probability density,

e A(x,t) is the drift coefficient
(deterministic term),

eD(x,t) = 0 is the diffusion coefficient
(stochastic term).

Typical constraints include:

o Non-negativity: p(x,t) = 0,

e Normalisation: [ p(x,t)dx = 1.

These constraints are difficult to preserve
using classical numerical  methods,
especially for long-time simulations or
nonuniform coefficients.

3.3.Abstract Reformulation

viaSSCNPEP

To rigorously enforce physical and
structural constraints, we reformulate the
PDE solution task as a Split System of
Common Null Point Equality Problem
(SSCNPEP).

Definition 3.1 (SSCNPEP). Let H be a real
Hilbert space. Given operators A; : H - H
(possibly nonlinear) and nonexpansive
maps T; : H > H, the SSCNPEP seeks a
point x* € H such that:
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e Null(4):=1{x € H|A;(x) =
03},

e Fix (T;) := {x € H|Tj(x) = x}.

This structure naturally models physical
constraints (e.g., conservation laws) as
fixed-point  conditions and  residual
minimisation as operator inclusions. 4; is
assumed to be maximally monotone, and T;
nonexpansive.

3.4.ADVI Algorithm for SSCNPE
We briefly recall the Alternated Dual
Variable Inertial Algorithm (ADVI), which
forms the basis of our AI-SSCNPEP
method.

Algorithm 3.2 (Alternated Dual Variable
Inertial Algorithm (Ikwoche, 2025)). Let
{x,},{vn} © H;, and define:

( {xn, if niseven
Wn = Xn + O (Xp — Xp_q1), if nisodd
) Yn = Wn =1 Xk j A;T]'(Ak(wn)):

Vnp1 = Bi 60U + (1 = D),

Zn = Yn — AnVn41,
\nt1 = (1 — an)wy + anzy.
(4)
Theorem 3.3 (Convergence (lkwoche,
2025)). Assume Ay :H; - Hp, T;: Hy -
H, are nonexpansive, and U; : H; = H, are
averaged. If T is the solution set of
SSCNPEP and T # @, thenx,, — x € T.

3.4.1Motivations for

SSCNPEP Framework

The SSCNPEP formulation offers several

benefits:

01.Generalises classical operator problems
(e.g., variational inequalities, inclusion
problems);
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02.Handles  multiple  operators  and
constraints within a unified iterative
framework;

03.Enables convergence guarantees under
standard monotonicity and regularity
assumptions.

3.5.Integration with Neural Network

We adopt neural networks to approximate

the solution to the PDE system:

O1.Neural nets serve as function
approximators (e.g., ug (x));

Deep neural network

International Journal of Modern Science and Research Technology
ISSN NO-2584-2706

02.Residuals from the PDE define the
operator inclusions;

03.Boundary and normalisation constraints

are enforced via projections T;.

3.4.1Work flow of

Al-SSCNPEP:

[PDE] — [Reformulate as SSCNPEP] —
[Neural Network Vg] — [Resolvent Steps]
— [Solution]
Figure 1 shows the schematic view of the
neural architecture used.

Input layer Multiple hidden layer Output layer

X

- -

Figure 1: Neural network architecture used
to approximate solutions to the PDE.
Source: (IBM, 2024)

This operator-theoretic formulation provides
the mathematical infrastructure required for
convergence control, constraint satisfaction,
and hybridisation with data-driven learning
models. In the next section, we present the
formulation and derivation of our proposed
AI-SSCNPEP algorithm.

4.0.Al-SSCNPEP for Nonlinear PDEs
4.1.Motivation&TheoreticalFoundation
Numerical approximation of nonlinear
PDEs remains a formidable challenge due
to the interplay between nonlinearity,
infinite-dimensionality, and physical
constraints such as conservation, positivity,
or boundary regularity. While machine

IIMSRT26FEBO064
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learning methods such as Physics-Informed
Neural Networks (PINNs) (Raissi et al.,
2019) offer data-driven flexibility, they
often lack rigorous convergence theory and
struggle to enforce constraints over long
iterations.

To address these limitations, we propose a
hybrid  paradigm, the AI-SSCNPEP
algorithm, which integrates deep neural
networks with the mathematical structure of
the Split System of Common Null Point
Equality Problems (SSCNPEP). This
formulation enables the simultaneous
enforcement of  multiple  nonlinear
constraints within the classical Hilbert space
framework.
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4.2 From PDE to Operator Inclusion
Consider a nonlinear PDE on a bounded
domain Q@ c R%:

—V-alx,u,Vu) + b(x,u,Vu) =

f(x), x€Q, (%)

supplemented by boundary conditions:

u(x) =0, x€aq.

Using variational reformulation in H:=

H}(Q), problem (5) corresponds to an

abstract operator inclusion:

0€A(u) + B(u),

where:

oA is a (possibly nonlinear) monotone
operator derived from a(-), e.g., the
subdifferential of an energy functional;

B is Lipschitz continuous, e.g., arising
from b(x,u,Vu), and lower-order terms.
Multiple such operators arise in multi-
physics or constrained systems, possibly
defined on split domains. We seek u* € H
such that:

*

<

€| |Zer(4;

SIS

+B;), and Ny(u")
= d(u") (6)

ey

where:

eA;: H —» H are maximally monotone
operators (e.g., subdifferentials),

eB; : H — H are Lipschitz nonlinearities
with constant L; > 0,

ed: H —> H is a fixed-point operator
encoding constraints (e.g., normalisation,
projection),

e Ny is a neural network (parameterised by
) trained to approximate @ using loss.

Notation. We use Zer(A) to denote the set of

zeros of an operator A, that is,

Zer(A) ={x € HI0 € A(x)},a

which is equivalent to the null space

Null(A) in this context.

4.2 Neural Networks as
Function Approximators
Artificial Neural Networks (ANNs) are

International Journal of Modern Science and Research Technology
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inspired by the structure of biological
neurons. A standard feedforward neural
network with L layers defines a mapping
Ny: R4 — R of the form:

No(x) = Wyo(Wy—10(-+- ao(Wix + by) ) +
by_1) + by, 7

where:

ex € R is the input (e.g., space-time
coordinates),

oW, € R™*™~1 h, e R™  are weight
matrices and bias vectors for layer ¢,

eg(-) is a non-linear activation function
(e.g., tanh, ReLU),

o0 :={W,,b,}s_, is the collection of
trainable parameters.

Given a dataset {(xj,yj)}?’:l, training

proceeds by minimising a loss function
L(6), which typically includes:
01.Residual loss from the governing PDE
(e.g., IV (ug) = £,
02.Boundary or initial condition losses,
03.Constraint violations (e.g., normalisation
Or energy conservation).
In this paper, we view the neural network as
a surrogate map:

NQ: H

— H, (8)
approximating the solution u to the PDE,
and satisfying:
Ve () =P < &n,  (9)

where & is the constraint-enforcing
projection and &, — 0. This approximation
is embedded into the AI-SSCNPEP
algorithm to regularise and guide the
iterative solution.

4.4 Al-SSCNPEP Algorithm
We propose the following iteration:
(Wn =V + (U — Vpy),
Ur(li) = ]AnAi(Wn - /‘lnBi (Wn))' i= 1! ty N
2z, =¥V, 60D
tun+1 = Uy + P (N (2n) — up)

parameterised  function  approximators (10)
IIMSRT26FEB064 wWww.ijmsrt.com
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Where:

«Ja, A= (I + 2,A)~" is the resolvent
OfAb

ea, €[0,1) is the inertial parameter,
pn € (0,1] is the relaxation factor,

«59e[01] are convex  weights:
Yity 57(11) =1,

» Ny approximates @, with error ||V (x) —
d(x)|| <&, — 0.

4.4.1ConvergenceTheorem

We now establish the AI-SSCNPEP
algorithm’s strong convergence under
standard conditions commonly found in
monotone operator theory and fixed-point
analysis.

Theorem 4.1 (Strong Convergence of Al-
SSCNPEP). Let {u,,} < H be the sequence
generated by the AI-SSCNPEP iteration in
Eqg. (10). Assume:

(Al)Each Ai:H—H is maximally
monotone; each B;: H — H is Lipschitz
continuous with constant L; > 0;

(A2)The neural network satisfies the

tracking condition:
| Ve (x) — P(0)Il < &, withe,

— 0 and Zen<oo
n=0

(A3) The parameters satisfy:
1
0<1, < I pn € (0,1], a, =0,

L

[ee] [oe]

Z a, < oo, z 6,?)
n=0 i=1
=1.

Then {u,} converges strongly in H to a
point u* € NN, Zer(4; + B;) N Fix(®);
and Ny (u*) = d(u").

Proof. We divide the proof into four concise
steps.

Step 1: Boundedness. By assumption (A3),

Yo p <o and A, < 1/L-' From the
L

definition Wy = Uy + a,(Upy —up_q),

induction yields that {w,} is bounded. By

(Bauschke and Combettes, 2011)[Prop.

IIMSRT26FEB064
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4.32], the resolvent J A; is firmly
nonexpansive.
Since B; is Lipschitz continuous with

Ay < 1/Li the operator T; :=J; A;(I —

AnB;) is nonexpansive (Bauschke and
Combettes, 2011)[Cor. 4.34]. Thus,
o'l = |1 Te(wn )| < lwall <M Vi,n,
and the convex combination=» — >, &'e!
satisfies ||z,|]] < M . So, all sequences
{fuet iz b dual  are  uniformly
bounded.
Step 2: Recursive Inequality. Let u* €
N;Zer(A; + B;) N Fix(P). Define the
residual R, = Ny(z,) — ®(z,), with
IR <&, — 0 . Then: u,.; = u, +
pn(q)(zn) - U, + Rn)- (12)
We expand:

lupes — u'||? = 11 = pp) (up, — u*)

+ pn(@(z,) — U’
+ Ry)II?
Using the standard identity:
lla + bl|*> = |lall* + 2(a, b) + [|b]|?
we get:
lunsr —u'l> = (1 = pp)?llu, — |l +
Prll®(zn) —u" + Ry |I* +
2pp (1 = pp){up —u’, P(z,) —

u* + Ry). (13)
By Cauchy-Schwarz and boundedness, we
absorb the residual terms into a summable
error &, so:
B T i e e [T T

T—
(14)

Step 3: Quasi-Fejér Monotonicity. Define

ap = lup, —u*ll*>  and & = p,(2 -

pn)llu, — ®(z,)||%. From Eq. (14),

Ap+1 < an _\‘fn

[oe]

+¢&,, Wwhere Z &n
n=0

< oo,
Applying Lemma 5.25 of (Bauschke and
Combettes, 2011) for quasi-Fejér monotone
sequences, {a,} converges, and_. o in <
. Consequently, ||u,, — ®(z,)| — 0.
Step 4: Convergence to Fixed Point. Since
”un - cI)(Zn)” —0 and ”NG(Zn) -
®(z,)|l — 0, it follows that:
||un+1 - un”and”Zn - un” — 0.
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By the demiclosedness principle, weak
cluster points lie in N;Zer (4; +
B;)) N Fix(®) . Since ||upy1 —uyll — 0,
the sequence converges strongly to some u-
in this set.

Finally, Np(u*) = ®(u*) by taking the
limit of the tracking condition.

Remark 4.2. The proof relies on standard
results from monotone operator theory [see
(Bauschke and Combettes, 2011)]. In
particular, the nonexpansivity of T; and
convergence of {a,} follow from classical
properties of resolvents and quasi-Fejér
sequences.

5.0.Numerical Experiments

This section presents numerical experiments
evaluating the performance of the proposed
AI-SSCNPEP algorithm on two benchmark
nonlinear PDEs: The Nonlinear
Schrodinger Equation (NLS) and the
Fokker—Planck Equation (FP).
Comparisons are made against baseline
Physics-Informed Neural Networks
(PINNs), the Finite Element Method
(FEM), and Monte Carlo (MC) simulations,
focusing on accuracy, physical constraint
satisfaction, and computational efficiency.
All experiments were conducted using
Python 3.10 with TensorFlow 2.12, and
executed on an NVIDIA RTX 3080 GPU.

5.1 Experimental Setup

All models were implemented in Python
3.10 using TensorFlow 2.12, and training
was conducted on an NVIDIA RTX 3080
GPU. The neural network used in all
experiments was a fully connected
feedforward architecture with five hidden
layers and 50 neurons per layer. The tanh
activation function was applied throughout,
and weights were initialised using Glorot
uniform initialisation.

For training, the Adam optimiser was
employed with a learning rate of 1073,
momentum  parameters S; = 0.9 and
B, =0.999 . A total of 10* collocation
points were uniformly sampled in the
interior of the domain, along with 103
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points on the boundary, using a batch size
of 256.

The  AI-SSCNPEP  algorithm  was
configured with an inertial coefficient of
a, = 0.1 , ensuring Y,a, <o for
stability. The resolvent step size was fixed
at 4, = 0.01, satisfying the convergence

condition 4,, < 1/L-' while the relaxation
L

parameter was set to p, =0.9. Equal
convex weights 85’ = 1/, were applied
foralli € {1,...,N}.

For benchmarking, we compared Al-
SSCNPEP  against three established
numerical methods. The baseline PINN
shared an identical architecture but omitted
the SSCNPEP structure. For the Fokker—
Planck problem, we implemented a Finite
Element Method (FEM) using linear
Lagrange elements on a mesh with grid size
h = 0.01. Monte Carlo (MC) simulations
employed 10° particles and the Euler—
Maruyama scheme.

5.2 Example 1

5.2.1Nonlinear  Schrddinger Equation
(NLS)

The nonlinear Schrodinger equation (NLS)
models wave propagation in nonlinear
dispersive media and serves as a canonical
example for soliton dynamics. We consider
the one-dimensional cubic variant:

’T;t-l | j,l Flefy =0, ze[-1,1, teD1
with initial condition ¥(x,0) = sech(x)
and homogeneous Dirichlet boundary
conditions.

5.2.2 Evaluation Metrics
1) Relative L? —error:
|2 pred — et 2
[[5ret || 22
2)Mass conservation error:
Y @©ll2 — 10l 2]
These metrics assess both numerical
accuracy and adherence to conserved
physical quantities.
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5.2.3 Results
Method Relative L2 —Error Mass Error Runtime (s)
AI-SSCNPEP 3.2x1073 0.5% 14.1
PINN 8.1 x1073 4.7% 12.8
Spectral’ 1.0 x 1073 0.01% 6.2

Table 1: Performance comparison on the nonlinear Schrédinger equation

Figure 1a: Mass Conservation - NLS

e — Al-SSCNPEP

204 A

202 A

200 -

Mass N(t)

198 1

196 1

0.0 0.2 04 0.6 08 10
Time t

Figure 2: Mass conservation over time for the NLS equation.

Figure 1b- Solution Snapshots - NLS

t=05 =10

Figure 3: Solution snapshots of the NLS 5.3 Example 2
equationatt = 0,0.5, 1.0. 5.3.1Fokker—Planck Equation (FP)
Key Observations The Fokker—Planck equation describes the
1) AI-SSCNPEP  preserves the mass time evolution of probability densities for
integral with higher fidelity than stochastic processes.
baseline PINNSs.
2) Soliton dynamics are captured more We solve the one-dimensional drift—
accurately, with error localised near peak diffusion form:
interaction zones (see Figure 3). _ 9 _ 9 m)+ Q se[-55, telol]
3) Figure 2 illustrates stable mass evolution gt dr o S
over time. with initial condition Pi*1 = =T
and  reflective  (zero-flux)  boundary
conditions.
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These capture how closely the solution

5.3.2 Evaluation Metrics approximates a valid probability density and
1) Normalisation error: how it aligns with the analytical
/ P ote e 1 distribution.

2)T<L divergence:
DKL (pref ”ppred)

5.3.3.Results
Method Normalisation Error KL Divergence  Runtime (s)
AI-SSCNPEP 4.2x107° 1.3x10™* 12.3
PINN 2.3x10°2 8.7x10* 10.8
FEM (P1) 1.5x10™* 3.1x10™* 8.2

Table 2: Performance comparison on the Fokker—Planck equation

Figure 2a: Normalisation Error - FP

1072

[l p—

Normalisation Error

0.0 02 0.4 0.6 0.8 10
Time t

Figure 4: Normalisation error over time (FP)

Figure 2b: Final Density - FP

040 1 — A-SSCNPEP
035 4 ---- Analytical

0.25 1

0.20 1

pix, 1)

0.10 1

0.05 1

0.00 1

Figure 5: Final density att =1 Key Observations:
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¢ AI-SSCNPEP achieves over 50x lower
normalisation error than baseline PINNS.
eThe solution aligns closely with the
analytical Gaussian, with low divergence
(see Figure 5).
e Normalisation  stability over time is
demonstrated in Figure 4.
5.4 Summary of Performance
Across  both  problems,  AI-SSCNPEP
consistently outperforms classical PINNs in
terms of accuracy and physical fidelity:
01.Improved accuracy: Up to 60% reduction
in relative L2-error.
02.Constraint  preservation: Mass and
normalisation  errors  within 107,
significantly outperforming baselines.
03. Robust convergence: Accelerated
convergence and reduced variance under
nonlinear dynamics. These results highlight
the value of embedding operator-theoretic
structure  into  neural  approximations,
positioning AI-SSCNPEP as a principled
solver for constrained PDES.

6.Conclusion

This paper introduced a novel hybrid
framework, AI-SSCNPEP, for the numerical
solution of nonlinear partial differential
equations (PDEs). By uniting the expressive
approximation power of deep neural networks
with the convergence guarantees of operator-
theoretic methods, the framework addresses
key limitations of traditional solvers and
standalone Physics-Informed Neural Networks
(PINNSs). Specifically, the PDE problem is
reformulated as a Split System of Common
Null Point Equality Problems (SSCNPEPS),
enabling simultaneous enforcement of operator
inclusions, boundary conditions, and physical
invariants such as norm and normalisation.
Theoretical —analysis  established  strong
convergence under standard assumptions in
Hilbert  spaces.  Extensive  numerical
experiments on benchmark PDEs, the
nonlinear Schrddinger and Fokker—Planck
equations, validated the effectiveness of the
proposed method. Compared with baseline
PINNs, finite element solvers, and Monte
Carlo approaches, AI-SSCNPEP achieved
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improved  accuracy,  better  constraint
preservation, and stable performance over long
time horizons.

Overall, this work contributes a
mathematically grounded and practically
robust methodology for structurepreserving Al
solutions to nonlinear PDEs. It bridges the
divide between data-driven approximation and
variational operator theory, offering a unified
perspective for scientific machine learning and
computational mathematics.

6.1 Summary of Findings

The proposed AI-SSCNPEP framework

demonstrated the following:

(1) It successfully unified operator-theoretic
convergence with data-driven approximation,
providing a mathematically grounded neural
PDE solver.

(2) In contrast to baseline PINNs, Al-
SSCNPEP preserved physical invariants
(e.g., mass, normalisation) with up to 50x
greater precision across time.

(3) It exhibited strong stability and reduced
runtime variance in both the nonlinear
Schrodinger and Fokker—Planck equations.

(4) The theoretical analysis  confirmed
convergence under mild assumptions,
making the approach suitable for broader
classes of structured PDES.

6.2 Future Work
Promising directions include:

(1) Extending the framework to time-dependent
and parametric PDEs via operator splitting in
space—time domains;

(2) Incorporating adaptive sampling and error
control in the collocation scheme;

(3) Exploring generalisations to manifold-valued
data and PDEs posed on networks or graph-
structured domains.
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